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Total Polynomials of Uniform Oriented Matroids
JIM LAWRENCE
In this paper we introduce polynomials associated with uniform oriented matroids whose coeffi-
cients enumerate cells in the corresponding arrangements. These polynomials are quite useful in the
study of many enumeration problems of combinatorial geometry, such as counting faces of polytopes,
counting Radon partitions, counting k-sets, and so forth. We also describe some striking equations re-
lating these polynomials.
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1. INTRODUCTION
Oriented matroids [3, 12] provide a combinatorial abstraction of the convex geometrical
relations among subsets of finite sets in Rd . Uniform oriented matroids reflect these relation-
ships for sets which are in (affine or linear) general position in Rd . In this paper, we introduce
polynomials associated with uniform oriented matroids. The coefficients of these polynomials
count objects in the oriented matroid which correspond to various geometrical substructures
of interest when the oriented matroid arises in one of several ways from a finite set or set of
hyperplanes or half-spaces in Rd .
The coefficients of the ‘Radon catalog’ RO count the number of Radon pairs in the finite
set. Those of the ‘face enumerator’ FO count the faces of various dimensions of the cone
spanned by the finite set. The ‘total polynomial’ TO indicates all of the cells of O; and the
oriented matroid is determined by TO.
These polynomials satisfy relations which concisely reflect the Euler relations among the
cells of the arrangementA of pseudospheres which is determined byO. The case of the Radon
catalog is of particular interest since many of its coefficients have been extensively studied in
other contexts. Theorems 3 and 4 yield linear equations satisfied by these coefficients. (These
equations characterize the affine span of the Radon catalogs. This is proven in [16] which also
contains a conjecture concerning the convex hull of the Radon catalogs.)
The most useful approach to oriented matroids for the statements and proofs of the theorems
in this paper is through their representation by arrangements of pseudospheres, or, in the
realizable case, by arrangements of hyperplanes containing the origin in Rd . We present some
necessary facts concerning arrangements in the next section. We make use of the notation and
terminology from [3].
2. ARRANGEMENTS OF PSEUDOSPHERES
In this section, we recall the definition of ‘an arrangement of pseudospheres’ from [3] and
we review some useful properties and attributes of these.
Let Sd denote the set of points x = (x1, . . . , xd+1) ∈ Rd+1 at unit distance from the origin;
i.e., Sd is the unit sphere centered at the origin in Rd+1. A pseudosphere of Sd is a set which is
the image of the equator Sd−1 = {x ∈ Sd : xd+1 = 0} under a homeomorphism of the sphere
Sd to itself. The sides of the pseudosphere are the images under such a homeomorphism of
the sets {x ∈ Sd : xd+1 ≥ 0} and {x ∈ Sd : xd+1 ≤ 0}.
Let A be a collection of pseudospheres Se indexed by elements of a finite set E . For e ∈
E , let the sides of Se be discriminated, S+e denoting the positive side and S−e denoting the
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negative side. For A ⊂ E , let SA denote the intersection ∩e∈A Se; similarly, let S+A = ∩e∈A S+e
and S−A = ∩e∈A S−e . The indexed collection A is called an essential signed arrangement of
pseudospheres (herein abbreviated simply to the word arrangement) if:
(1) SA is a sphere, for all A ⊆ E (where the empty set is considered to be the sphere of
dimension −1);
(2) if A ⊆ E , e ∈ E \ A, and SA 6⊆ Se, then SA ∩ Se is a pseudosphere in SA having sides
SA ∩ S+e and SA ∩ S−e ;
(3) for each pair of sets A, B ⊆ E , S+A ∩ S−B is either a ball or a sphere; and
(4) SE = ∅.
Edmonds and Mandel [10] have shown that property (3) is a consequence of the other
properties.
A-polyhedra. Let B denote the boolean lattice generated under intersection, union, and com-
plementation by the sides S+e , S−e . The elements of B are called the A-polyhedra. Each of the
sets S+e , S−e is an A-polyhedron. The interior of S+e is the complement Sd \ S−e of S−e , so it
is anA-polyhedron, as is the interior of S−e ; the intersection of any collection ofA-polyhedra
is another; so, for example, Se = S+e ∩ S−e is an A-polyhedron. The atoms of the lattice B
are called the cells of A (or the A-cells). If W is a cell of A and P is any A-polyhedron then
W ∩ P is either ∅ or W . The A-cells contained in an A-polyhedron P partition P .
Oriented matroids. An element U = (Ue)e∈E of the set {+,−, 0}E is called a vector. If U is
a vector, then we denote by U+ the set {e ∈ E : Ue = +}, and similarly U− = {e ∈ E : Ue =
−} and U 0 = {e ∈ E : Ue = 0}. Clearly the sets U+,U−,U 0 partition E . The cardinality of
{e ∈ E : Ue 6= 0} is denoted by |U |. We write U  V if whenever Ue 6= 0, Ue = Ve. This is
a partial ordering relation on the set {+,−, 0}E .
For each cell W of A we denote by cov(W ) the vector U , where
Ue =
+ if W ∩ S
−
e = ∅,
− if W ∩ S+e = ∅,
0 if W ⊆ Se.
The set L = {cov(W ) : W is a cell of A}, is the set of nonzero covectors of an oriented
matroid O = (E,L) on E . This serves as a topological definition of ‘oriented matroid’.
The nonzero covectors of O are thus in bijective correspondence with the cells of A. The
dimension d of the sphere and the rank r of the oriented matroid O are related by r = d + 1.
In [3] one can find a combinatorial definition, in terms of the set of covectors, for ‘oriented
matroid’, as well as a proof of the fact that the arrangement is determined (up to homeomor-
phism of Sd with itself) by the oriented matroid.
Dimension and the Euler characteristic. The dimension dim(W ) of the cell W is its topolog-
ical dimension.
An A-polyhedron P has an Euler characteristic χ(P), defined by
χ(P) =
∑
U⊆P, U an A-cell
(−1)dim(U ).
Here are some properties of χ .
(1) χ(∅) = 0; χ(Sd) = 1+ (−1)d .
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(2) If A-polyhedra P1, . . . , Pk partition the A-polyhedron P , then χ(P) = χ(P1)+ · · · +
χ(Pk); for anyA-polyhedra P1 and P2, we have χ(P1∪P2) = χ(P1)+χ(P2)−χ(P1∩
P2).
(3) If P is the closure of a nonzero A-cell then χ(P) = 1.
(4) If A, B ⊆ E , A ∪ B 6= ∅, and (∪e∈A S+e ) ∪ (∪e∈B S−e ) 6= Sd then χ((∪e∈A S+e ) ∪
(∪e∈B S−e )) = 1.
(See [15] for a short presentation of the Euler characteristic for arrangements of hyper-
planes in euclidean space. That presentation carries over easily to the case of arrangements of
pseudospheres.)
Uniform oriented matroids and their duals. The arrangement A in Sd is said to be simple if,
for each set A ⊆ E having cardinality d + 1, SA = ∅. If an arrangement is simple, then the
corresponding oriented matroid is uniform.
Suppose A is a simple arrangement in Sd , O is the corresponding (uniform) oriented ma-
troid, and M ∈ {+,−, 0}E is a vector. Then the following are equivalent.
(1) There is a cell W of A such that cov(W )  M ;
(2) There is a cell W of A such that cov(W ) = M ;
(3) M ∈ L.
Also, for any A-cell W , dim(W ) = |cov(W )| − n + d, when the arrangement is simple.
Given the oriented matroid O, we denote its dual by Ô. For a uniform oriented matroid O
having corresponding arrangement A and given a vector M , the following two statements are
equivalent:
(1) (∪e∈M+ S+e ) ∪ (∪e∈M− S−e ) = Sd ; and(2) M is a covector of the dual oriented matroid Ô (or equivalently, it is a vector of O).
3. THE TOTAL POLYNOMIAL DEFINED
Let O = (E,L) be a uniform oriented matroid of rank r and suppose |E | = n.
Let xe, ye : e ∈ E be 2n indeterminates indexed by E . For each vector U ∈ {+,−, 0}E ,
define the monomial
mU (xe, ye : e ∈ E) =
∏
e∈U+
xe
∏
e∈U−
ye.
The total polynomial of O is now defined as the sum
TO(xe, ye : e ∈ E) =
∑
U∈L
mU (xe, ye : e ∈ E).
This is a polynomial in the indeterminates xe, ye having coefficients in {0, 1} ⊆ Z .
EXAMPLE 1. Consider the oriented matroid O of rank 2 with E = {1, 2, 3, 4, 5} corre-
sponding to the (pseudo)sphere arrangement in S1, depicted in Figure 1. In this case the sets
Se, e = 1, . . . , 5, are 0-spheres, each consisting of two points. The points of Se are both
labeled ‘e’ in the picture. The positive side S+e is the side of Se which contains the 1-cell
marked with an asterisk. There are 10 cells of dimension 0 and 10 cells of dimension 1 in this
arrangement. One has:
TO(xe, ye : e ∈ E) = x1x2x3x4x5 + x2x3x4x5 + y1x2x3x4x5 + y1x3x4x5
+y1 y2x3x4x5 + y1 y2x4x5 + y1 y2 y3x4x5 + y1 y2 y3x5
+y1 y2 y3 y4x5 + y1 y2 y3 y4 + y1 y2 y3 y4 y5 + y2 y3 y4 y5
+x1 y2 y3 y4 y5 + x1 y3 y4 y5 + x1x2 y3 y4 y5 + x1x2 y4 y5
+x1x2x3 y4 y5 + x1x2x3 y5 + x1x2x3x4 y5 + x1x2x3x4.
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FIGURE 1. An arrangement of five (pseudo)spheres in S1.
The 20 monomials in this sum correspond to the cells of the arrangement. They are listed in
the counterclockwise order of the cells around the circle in Figure 1, starting with the cell
marked by the asterisk.
It is clear that each monomial mU of TO determines the covector U to which it corresponds,
so one can reconstruct the uniform oriented matroid from its total polynomial; that is, the total
polynomial determines the uniform oriented matroid.
We will sometimes substitute other expressions for the xe’s and ye’s, as in TO
(ye, xe : e ∈ E), by which is meant the expression obtained from TO(xe, ye : e ∈ E)
upon switching xe and ye, for each e ∈ E .
Here are some properties of the polynomial TO.
(1) TO is a sum of distinct monomials in the xe’s and ye’s, each of which is square-free and
not divisible by xe ye.
(2) The degree of each of these monomials lies between n − r + 1 and n, inclusive.
(3) TO(ye, xe : e ∈ E) = TO(xe, ye : e ∈ E). (This is true since U ∈ L if and only if
−U ∈ L.)
Two equations. The polynomial TO is unwieldy because of its large number of terms. Its
interest lies in the fact that it can be used to enumerate interesting objects in the oriented
matroid.
There are a couple of equations involving TO that make it slightly easier to handle.
THEOREM 1. Let O = (E,L) be a uniform oriented matroid having rank r with |E | = n,
and let TO be its total polynomial. Then∏
e∈E
(1+ xe + ye) TO
( −xe
1+ xe + ye ,
−ye
1+ xe + ye : e ∈ E
)
= (−1)n−r+1TO(xe, ye : e ∈ E).
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PROOF. If U is a nonzero covector of O then we have∏
e∈E
(1+ xe + ye)mU
( −xe
1+ xe + ye ,
−ye
1+ xe + ye : e ∈ E
)
=
∏
e∈E
(1+ xe + ye)
∏
e∈U+
( −xe
1+ xe + ye
) ∏
e∈U−
( −ye
1+ xe + ye
)
= (−1)|U |
∏
e∈U+
xe
∏
e∈U−
ye
∏
e∈U 0
(1+ xe + ye)
= (−1)|U |mU (xe, ye : e ∈ E)
∏
e∈U 0
(1+ xe + ye)
so the left-hand side is the sum of this last expression taken over all U ∈ L. This will reduce
to an integer combination of the monomials mM (xe, ye : e ∈ E), for M ∈ {+,−, 0}E . Given
such a vector M , the coefficient of mM (xe, ye : e ∈ E) in this expansion is∑
U∈L
UM
(−1)|U |.
Let d = r − 1 and let A be the arrangement in Sd corresponding to the oriented matroid
O. Since O is uniform, there is a nonzero covector U such that U  M if and only if M =
cov(W ) for some cell W , so the coefficient of mM (xe, ye : e ∈ E) is zero unless M is of the
form cov(W ) for some cell W , in which case the coefficient is∑
U∈L
UM
(−1)|U | = (−1)n−d
∑
cells Y :Y⊆W¯
(−1)dim(Y ),
where W¯ denotes the topological closure of W ; and since χ(W¯ ) = 1, this reduces to (−1)n−r+1,
from which the equation follows. 2
The next theorem relates the generating polynomial of an oriented matroid with that of its
dual; if one is known then the other is given by Theorem 2.
THEOREM 2. Let O = (E,L) be a uniform oriented matroid having rank r , with |E | =
n. Let Ô denote the dual oriented matroid; its rank is n − r . Let TO and TÔ be the total
polynomials. Then
TÔ(xe, ye : e ∈ E) =
∏
e∈E
(1+ xe + ye)− (−1)r − (−1)nTO(−1− xe,
−1− ye : e ∈ E).
PROOF. We have
TO(−1− xe,−1− ye : e ∈ E) =
∑
U∈L
(−1)|U |mU (1+ xe, 1+ ye : e ∈ E)
=
∑
vectors M
∑
U∈L
MU
(−1)|U |mM (xe, ye : e ∈ E).
The coefficient of the monomial mM (xe, ye : e ∈ E) is∑
U∈L:
MU
(−1)|U |.
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LetA be the arrangement in Sd (where d = r − 1) corresponding toO. If M is not the zero
vector, the coefficient of mM (xe, ye : e ∈ E) can be written as∑
cells Y :
Mcov(Y )
(−1)dim(Y )+n−d ,
which is
(−1)n−dχ(Sd \ ((∪e∈M+ S+e ) ∪ (∪e∈M−e S−e )))
=
{
0 if M is a (nonzero) covector of Â
(−1)n−d((1+ (−1)d)− 1) = (−1)n otherwise.
If M = 0, then the sum is
(−1)n−dχ(Sd) = (−1)n − (−1)n−r .
Therefore
TO(−1− xe,−1− ye : e ∈ E) = (−1)n
(∏
e∈E
(1+ xe + ye)− TÔ(xe, ye : e ∈ E)
)
−(−1)n−r ,
so
TÔ(xe, ye : e ∈ E) =
∏
e∈E
(1+ xe + ye)− (−1)nTO(−1− xe,−1− ye : e ∈ E)− (−1)r .
2
COROLLARY 1. LetO be a uniform oriented matroid, as above. Then, for 1 ≤ k ≤ r , each
monomial in the xe’s and ye’s which is squarefree, has no factor of the form xe ye, and has
degree k, appears with coefficient (−1)n in TO(−1− xe,−1− ye : e ∈ E).
PROOF. This follows from the theorem and the fact that TÔ has no terms of degree k ≤ r .
2
4. COUNTING PROBLEMS
Let O = (E,L) be a uniform oriented matroid of rank r , with |E | = n. Let Ô = (E, L̂) be
its dual. The elements of L are the nonzero vectors of Ô. The vectors of O are the covectors
of Ô.
We denote by RO(x, y) the polynomial obtained by substituting x for the indeterminates
xe, e ∈ E , and y for ye, e ∈ E , in the polynomial TÔ:
RO(x, y) = TÔ(x, y : e ∈ E).
This will be a sum over the nonzero vectors of O. We call RO the Radon catalog of O.
EXAMPLE 2 (CONTINUED). The Radon catalog of the oriented matroid dual to that of the
figure is:
RÔ(x, y) = x5+ 2x4 y+ 2x3 y2+ 2x2 y3+ 2xy4+ y5+ 2x4+ 2x3 y+ 2x2 y2+ 2xy3+ 2y4.
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Let S = {ve : e ∈ E} be a set of points in Rd indexed by E . A Radon pair in S is an ordered
pair (A, B) of subsets of E such that A∩B = ∅ and conv{ve : e ∈ A}∩conv{ve : e ∈ B} 6= ∅.
If A ∪ B = E then (A, B) is called a Radon partition (see also [3, 4, 7, 8]). Given a Radon
pair (A, B), we obtain a vector U = U(A,B) by letting
Ue =
{+ if e ∈ A,
− if e ∈ B,
0 otherwise.
The oriented matroid O of affine dependencies of the ve’s is obtained by letting the nonzero
vectors of O be
L̂ = {U(A,B) : (A, B) is a Radon pair}.
If the elements ve (e ∈ E) are distinct and in affine general position then O is uniform.
Suppose this is the case, and let na,b be the number of Radon pairs (A, B) in S where |A| = a
and |B| = b. Since RO(x, y) is the sum, over the nonzero vectors U(A,B) ofO, of monomials
x |A|y|B|,
RO(x, y) =
∑
na,bx
a yb.
Theorems 1 and 2 yield similar results for Radon catalogs.
THEOREM 3. Let O be a uniform oriented matroid of rank r , with |E | = n. Let RO be the
Radon catalog of O. Then
(1+ x + y)n RO
( −x
1+ x + y ,
−y
1+ x + y
)
= (−1)r+1 RO(x, y).
PROOF. This follows directly from Theorem 1 (applied to TÔ). 2
THEOREM 4. With the situation of Theorem 3,
RÔ(x, y) = (1+ x + y)n − (−1)n−r − (−1)n RO(−1− x,−1− y).
PROOF. This follows from Theorem 2. 2
EXAMPLE 3 (CONTINUED). The Radon catalog of the oriented matroid of the figure is:
RO(x, y) = 3xy4 + 8x2 y3 + 8x3 y2 + 3x4 y + 10xy3 + 20x2 y2 + 10x3 y
+10xy2 + 10x2 y.
This is the Radon catalog of five distinct points on a line. The coefficient of xy4, for instance,
is the number of Radon partitions (A, B) of the set, where |A| = 1 and |B| = 4.
Let
PO(x) = TO(x, x : x ∈ E) = RÔ(x, x).
If we write the polynomial PO(x) as a0 + a1x + · · · + an xn , then the coefficient ak is the
number of nonzero cells of the corresponding arrangement which are of dimension k− n+ r .
In particular, a0 = a1 = · · · = an−r = 0.
For the oriented matroid of Figure 1, P(x) = 10x5 + 10x4.
From Theorem 2, PÔ(x) = (1 + 2x)n − (−1)n−r − (−1)n PO(−1 − x). It follows that
the coefficients of this polynomial, up to that of xr , are zero, as well. We show that these
facts suffice to determine PO(x). Of course the coefficients of PO(x), the numbers of k-
dimensional cells of the arrangement, have long been known (see in particular Buck [5] and
Zaslavsky [20]).
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THEOREM 5. We have:
PO(x) = 2
⌊
d+1
2
⌋∑
j=1
(
n
n − 4+ 2 j − 1
)
xr−2 j+1(1+ x)n−r+2 j−1.
PROOF. The polynomials xk(1+ x)n−k , for k = 0, . . . , n, form a basis for the vector space
of polynomials of degree at most n, so we may write
PO(x) =
n∑
k=0
bk xk(1+ x)n−k,
for some bk ∈ R. Since PO(x) has no terms of degree less than n− r + 1, we have bk = 0 for
k ≤ n− r . Also, by remarks above, it is clear that (1+ 2x)n − (−1)n−r − (−1)n PO(−1− x)
has no terms of degree less than r + 1. With respect to our basis this polynomial is
−
n∑
k=0
bk xn−k(1+ x)k +
n∑
k=0
(
n
k
)
xn−k(1+ x)k − (−1)r
n∑
k=0
(−1)n−k
(
n
k
)
xn−k(1+ x)k .
It follows that for k ≥ n − r the coefficient
−bk +
(
n
k
)
− (−1)r+n−k
(
n
k
)
of xn−k(1+ x)k must be zero, so that
bk =
(
n
k
)
− (−1)r+n−k
(
n
k
)
=
{
2
(
n
k
)
if k ≥ n − r and r + n − k is odd;
0 if k ≥ n − r and r + n − k is even.
These are precisely the coefficients specified. 2
Again letting O be a uniform oriented matroid corresponding to an arrangement on the
d = r − 1 dimensional sphere Sd , let
F(x) = TO(x, 0 : e ∈ E) = RÔ(x, 0).
Then
F(x) =
d∑
k=0
ak x
n−d+k,
where ak is the number of cells of dimension k of SE . These coefficients are all zero, unless
SE 6= ∅.
For the oriented matroid of the example, F(x) = x5 + 2x4.
In the realizable case the vector (a1, . . . , ar−1) is the f -vector of a simple (r−1)-polytope.
In this case, such vectors have been characterized by the conjecture of McMullen [17], verified
by Stanley [19] and Billera and Lee [2]. When the uniform oriented matroids considered are
not required to be realizable, no characterization is known, and it is not known if these vectors
satisfy McMullen’s conditions in this generality.
Theorem 1 immediately yields the equation (1 + x)n F( −x1+x ) = (−1)n−r+1 F(x), which
encapsulates the Dehn–Sommerville equations (see [13, p. 145–153]).
Of course we would like to have a useful characterization of the Radon catalogs RO. How-
ever no such characterization currently exists, as is obvious from the situation described above
for RO(x, 0) = FO(x). We shall see below that a characterization of the Radon catalogs RO
would be of interest already in the case of O of rank 3.
For rank 2 (or n−2) uniform oriented matroidsO, a characterization of the Radon catalogs
is known, and follows from the following considerations.
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(1) Those of rank 2 are the duals of those of rank n− 2, so a characterization in either case
yields one in the other, by using Theorem 4.
(2) All oriented matroids of rank n − 2 (and so in particular the uniforms ones) are realiz-
able.
(3) In the rank n − 2 case, the Radon catalog RO can be computed from FO.
(4) The realizable FO’s are characterized by McMullen’s conditions.
Let O be the uniform oriented matroid of rank 3 arising from the Radon pairs of a set S
of cardinality n in affine general position in the plane, and consider the drawing of the com-
plete graph Kn obtained by joining all pairs of distinct vertices of S by straight line segments.
The coefficient of x2 y2 in the Radon catalog RO(x, y) is the number of ‘crossings’ of dis-
tinct edges in this drawing. Presumably, from a characterization of Radon catalogs one could
derive the minimum attained by this coefficient over acyclic uniform oriented matroids of
rank 3. This minimum, under the further restriction of realizability would yield the rectilinear
crossing number of Kn . Similarly, the minimum over all realizable uniform oriented matroids
of rank 3, dropping the condition of acyclicity, would yield the spherical crossing number of
Kn . Higher-dimensional analogues of this problem would of course also be of interest. For
more on crossing numbers (see [6, p. 107–116]).
Another problem on which the characterization in the rank 3 (and higher) realizable case
would bear is that of determining the possible numbers of ‘k-sets’ of a set of n points in
general position in the plane. A k-set of X ⊆ R2 is any set of cardinality k which can be
obtained as the intersection of X with a half-space. The coefficient of xk yn−k of the Radon
catalog yields the number of k-sets in an affine configuration realizing Ô. These numbers have
been studied in [1, 11, 14], and elsewhere (see also [9, 18]).
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